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a b s t r a c t
In this paper, we prove some coupled fixed point theorems involving a (ψ, ϕ)-weakly
contractive condition for mapping having the mixedmonotone property in ordered partial
metric spaces. These results are analogous to theorems of Van Luong and Xuan Thuan
(2011) [10] on the class of ordered partial metric spaces. Also, an application is given to
support our results.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Existence of a fixed point for contraction type mappings in partially ordered metric spaces and applications have been
considered by many authors; for details, (see [1–20]). In particular, Bhaskar and Lakshmikantham [6], Nieto and Rodriguez-
López [11], Ran and Reurings [13], and Agarwal et al. [1] presented some new results for contractions in partially ordered
metric spaces. Bhaskar and Lakshmikantham [6] noted that their theorem can be used to investigate a large class of problems
and discussed the existence and uniqueness of solution for a periodic boundary value problem. Also, they have introduced
notions of a mixed monotone mapping and a coupled fixed point and proved some coupled fixed point theorems for
mixed monotone mapping. Recently, Aydi et al. [21] prove coupled coincidence and coupled common fixed point theorems
for a mixed g-monotone mapping satisfying nonlinear contractions in partially ordered generalized metric spaces. Also,
Luong and Thuan [10] have presented some coupled fixed point theorems for a mixed monotone mapping in a partially
orderedmetric space which are generalizations of the results of Bhaskar and Lakshmikantham [6] and give an existence and
uniqueness for a solution of a nonlinear integral equation.
In this paper, we extend their results to the class of ordered partial metric spaces and we establish some coupled fixed
point results.
The concept of partial metric space was introduced by Matthews [22] in 1994. In such spaces, the distance of a point to
itself may not be zero. First, we start by recalling some definitions and properties of partial metric spaces. For more details,
on fixed point results on such spaces, we refer the reader to [23–31,22,32–42].
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Definition 1. A partial metric on a nonempty set X is a function p: X × X → R+ such that for all x, y, z ∈ X:
(p1) x = y ⇐⇒ p(x, x) = p(x, y) = p(y, y),
(p2) p(x, x) ≤ p(x, y),
(p3) p(x, y) = p(y, x),
(p4) p(x, y) ≤ p(x, z)+ p(z, y)− p(z, z).
A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X .
Remark 1. It is clear that, if p(x, y) = 0, then from (p1), (p2) and (p3), x = y. But if x = y, p(x, y)may not be 0.
Each partial metric p on X generates a T0 topology τp on X which has as a base the family of open p-balls {Bp(x, ε), x ∈
X, ε > 0}, where Bp(x, ε) = {y ∈ X: p(x, y) < p(x, x)+ ε} for all x ∈ X and ε > 0.
If p is a partial metric on X , then the function ps: X × X → R+ given by
ps(x, y) = 2p(x, y)− p(x, x)− p(y, y), (1)
is a metric on X .
Example 1 (See e.g. [23,31,22]). Consider X = R+ with p(x, y) = max{x, y}. Then (R+, p) is a partial metric space. It is clear
that p is not a (usual) metric. Note that in this case ps(x, y) = |x− y|.
Example 2 (See [43]). Let X = {[a, b]: a, b,∈ R, a ≤ b} and define p([a, b], [c, d]) = max{b, d} −min{a, c}. Then, (X, p) is
a partial metric space.
Example 3 (See [43]). Let X := [0, 1] ∪ [2, 3] and define p: X × X → [0,∞) by p(x, y) =

max{x, y} if {x, y} ∩ [2, 3] ≠ ∅,
|x− y| if {x, y} ⊂ [0, 1].
Then (X, p) is a complete partial metric space.
Definition 2. Let (X, p) be a partial metric space and {xn} be a sequence in X . Then
(i) {xn} converges to a point x ∈ X if and only if p(x, x) = limn→+∞ p(x, xn),
(ii) {xn} is called a Cauchy sequence if there exists (and is finite) limn,m→+∞ p(xn, xm).
Definition 3. A partial metric space (X, p) is said to be complete if every Cauchy sequence {xn} in X converges, with respect
to τp, to a point x ∈ X , such that p(x, x) = limn,m→+∞ p(xn, xm).
Lemma 1. Let (X, p) be a partial metric space. Then
(a) {xn} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric space (X, ps),
(b) (X, p) is complete if and only if the metric space (X, ps) is complete. Furthermore, limn→+∞ ps(xn, x) = 0 if and only if
p(x, x) = lim
n→+∞ p(xn, x) = limn,m→+∞ p(xn, xm).
Let (X, p) be a partial metric. We endow X × X with the partial metric ν defined for (x, y), (u, v) ∈ X × X by
ν((x, y), (u, v)) = p(x, u)+ p(y, v).
A mapping F : X × X → X is said to be continuous at (x, y) ∈ X × X , if for every ε > 0, there exists δ > 0 such that
F(Bν((x, y), δ)) ⊆ Bp(F(x, y), ε).
Before presenting our main results, we recall some basic concepts.
Definition 4 (Bhashkar and Lakshmikantham [6]). An element (x, y) ∈ X × X is called a coupled fixed point of mapping
F : X × X → X if x = F(x, y) and y = F(y, x).
Definition 5 (Bhashkar and Lakshmikantham [6]). Let (X,≤) be a partially ordered set and F : X × X → X . The mapping F is
said to has the mixed monotone property if
x1, x2 ∈ X, x1 ≤ x2 H⇒ F(x1, y) ≤ F(x2, y) for any y ∈ X, (2)
and
y1, y2 ∈ X, y1 ≤ y2 H⇒ F(x, y1) ≥ F(x, y2) for any x ∈ X . (3)
Bhaskar and Lakshmikantham [6] proved the following result.
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Theorem 1 (Bhaskar and Lakshmikantham [6]). Let (X,≤) be a partially ordered set and suppose there is a metric d on X such
that (X, d) is a complete metric space. Let F : X × X → X be a mapping having the mixed monotone property on X. Assume that
there exists a k ∈ [0, 1) with
d(F(x, y), F(u, v)) ≤ k
2
[d(x, u)+ d(y, v)]
for all x, y, u, v ∈ X with x ≤ u and v ≤ y. suppose either F is continuous or X has the following properties:
(1) if a non-decreasing sequence xn → x, then xn ≤ x for all n,
(2) if a non-increasing sequence xn → x, then x ≤ xn for all n.
If there exist x0, y0 ∈ X such that x0 ≤ F(x0, y0) and F(y0, x0) ≤ y0 then there exist x, y ∈ X such that x = F(x, y) and
y = F(y, x), that is, F has a coupled fixed point.
Luong and Thuan [10] obtained a more general result. For this, let Φ denote all functions ϕ: [0,+∞) → [0,+∞) which
satisfy
(i) ϕ is continuous and non-decreasing,
(ii) ϕ(t) = 0 if and only if t = 0,
(iii) ϕ(t + s) ≤ ϕ(t)+ ϕ(s),∀t , s ∈ [0,+∞).
Again, let Ψ denote all functions ψ: [0,+∞) → [0,+∞) which satisfy limt→r ψ(t) > 0 for all r > 0 and
limt→0+ ψ(t) = 0. Its an easy matter to see the following note.
Remark 2. Φ ⊆ Ψ .
Remark 3. For any t ∈ [0,+∞)we have 12ϕ(t) ≤ ϕ
 t
2

.
Now, we state the main result of Luong and Thuan [10]:
Theorem 2. Let (X,≤) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete metric space.
Let F : X × X → X be a mapping having the mixed monotone property on X. Assume that there exist ϕ ∈ Φ and ψ ∈ Ψ such
that
ϕ(d(F(x, y), F(u, v))) ≤ 1
2
ϕ(d(x, u)+ d(y, v))− ψ

d(x, u)+ d(y, v)
2

for all x, y, u, v ∈ X with x ≥ u and y ≤ v. Suppose either F is continuous or X has the following properties:
(1) if a non-decreasing sequence xn → x, then xn ≤ x for all n,
(2) if a non-increasing sequence xn → x, then x ≤ xn for all n.
If there exist x0, y0 ∈ X such that x0 ≤ F(x0, y0) and F(y0, x0) ≤ y0 then there exist x, y ∈ X such that x = F(x, y) and
y = F(y, x), that is, F has a coupled fixed point.
Remark 4. Let k ∈ [0, 1). Taking ϕ(t) = t and ψ(t) = 1−k2 t in Theorem 2, we obtain Theorem 1.
The purpose of this paper is to combine the above ideas, that is, to give some coupled fixed point theorems on ordered
partial metric spaces. Also, we give an application to support our results.
2. Main results
The aim of this work is to prove the following theorem.
Theorem 3. Let (X,≤) be a partially ordered set and suppose there is a partial metric p on X such that (X, p) is a complete
partial metric space. Let F : X × X → X be a mapping having the mixed monotone property on X. Assume that there exist ϕ ∈ Φ
and ψ ∈ Ψ such that
ϕ(p(F(x, y), F(u, v))) ≤ ϕ

p(x, u)+ p(y, v)
2

− ψ

p(x, u)+ p(y, v)
2

(4)
for all x, y, u, v ∈ X with x ≥ u and y ≤ v. Suppose either F is continuous or X has the following properties:
(1) if a non-decreasing sequence xn → x, then xn ≤ x for all n,
(2) if a non-increasing sequence xn → x, then x ≤ xn for all n.
If there exist x0, y0 ∈ X such that x0 ≤ F(x0, y0) and F(y0, x0) ≤ y0 then there exist x, y ∈ X such that x = F(x, y) and
y = F(y, x), that is, F has a coupled fixed point. Furthermore, p(x, x) = p(y, y) = 0.
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Proof. Since x0 ≤ F(x0, y0) = x1 (say) and y0 ≥ F(y0, x0) = y1 (say), letting x2 = F(x1, y1) and y2 = F(y1, x1), we denote
F 2(x0, y0) = F(F(x0, y0), F(y0, x0)) = F(x1, y1) = x2
F 2(y0, x0) = F(F(y0, x0), F(x0, y0)) = F(y1, x1) = y2.
With this notation, we now have, due to the mixed monotone property of F ,
x2 = F(x1, y1) ≥ F(x0, y0) = x1 and y2 = F(y1, x1) ≤ F(y0, x0) = y1.
Further, for n = 1, 2, . . ., we let,
xn+1 = F n+1(x0, y0) = F(F n(x0, y0), F n(y0, x0)),
and
yn+1 = F n+1(y0, x0) = F(F n(y0, x0), F n(x0, y0)).
We can easily verify that
x0 ≤ F(x0, y0) = x1 ≤ F 2(x0, y0) = x2 ≤ · · · ≤ F n+1(x0, y0) = xn+1,
y0 ≥ F(y0, x0) = y1 ≥ F 2(y0, x0) = y2 ≥ · · · ≥ F n+1(y0, x0) = yn+1.
Since xn ≥ xn−1 and yn ≤ yn−1, from (4), we have
ϕ(p(xn, xn+1)) = ϕ(p(F(xn−1, yn−1), F(xn, yn)))
≤ ϕ

p(xn, xn−1)+ p(yn, yn−1)
2

− ψ

p(xn, xn−1)+ p(yn, yn−1)
2

≤ ϕ

p(xn, xn−1)+ p(yn, yn−1)
2

. (5)
Similarly, since yn−1 ≥ yn and xn−1 ≤ xn, from (4), we also have
ϕ(p(yn, yn+1)) = ϕ(p(F(yn−1, xn−1), F(yn, xn)))
≤ ϕ

p(yn, yn−1)+ p(xn, xn−1)
2

− ψ

p(yn, yn−1)+ p(xn, xn−1)
2

≤ ϕ

p(yn, yn−1)+ p(xn, xn−1)
2

. (6)
Since ϕ is non-decreasing, from (5) to (6) we have
p(xn, xn+1) ≤ p(xn, xn−1)+ p(yn, yn−1)2 (7)
and
p(yn, yn+1) ≤ p(xn, xn−1)+ p(yn, yn−1)2 . (8)
By adding (7) and (8), we have
p(xn, xn+1)+ p(yn, yn+1) ≤ p(xn, xn−1)+ p(yn, yn−1).
Set tn = p(xn, xn+1) + p(yn, yn+1), then the sequence {tn} is non-increasing and bounded below. Therefore, there is some
t ≥ 0 such that
lim
n→+∞ tn = limn→+∞ p(xn, xn+1)+ p(yn, yn+1) = t.
Now, we shall show that t = 0. Assume that t > 0. Since ϕ is non-decreasing, then for any positive numbers a and b we
have ϕ(max{a, b}) = max{ϕ(a), ϕ(b)}. By (5) and (6) we have
ϕ

p(xn, xn+1)+ p(yn + yn+1)
2

≤ ϕ(max{p(xn, xn+1), p(yn, yn+1)})
= max{ϕ(p(xn, xn+1)), ϕ(p(yn, yn+1))}
≤ ϕ

p(xn, xn−1)+ p(yn, yn−1)
2

− ψ

p(xn, xn−1)+ p(yn, yn−1)
2

.
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Then, taking the limit as n → +∞ of both sides of (9) and having in mind that limy→r ψ(y) > 0 for all r > 0 and ϕ is
continuous, we have
ϕ

t
2

= lim
n→+∞ϕ

tn
2

≤ lim
n→+∞

ϕ

tn−1
2

− ψ

tn−1
2

= ϕ

t
2

− lim
tn−1→t
ψ

tn−1
2

< ϕ

t
2

,
it is a contradiction, so t = 0; that is,
lim
n→+∞ tn = limn→+∞ p(xn, xn+1)+ p(yn, yn+1) = 0. (9)
Denote
tsn = ps(xn, xn+1)+ ps(yn, yn+1)
for all n ∈ N. From the definition of ps, it is clear that tsn ≤ 2tn for all n ∈ N. Using (9), we get
lim
n→+∞ t
s
n = limn→+∞ p
s(xn, xn+1)+ ps(yn, yn+1) = 0. (10)
Now, we prove that (xn) and (yn) are Cauchy sequences in the partial metric space (X, p). From Lemma 1, it is sufficient to
prove that (xn) and (yn) are Cauchy sequences in the metric space (X, ps). Suppose to the contrary. So, at least one of (xn)
and (yn) is not a Cauchy sequence in (X, ps). Then there exist ε > 0 and sequences of natural numbers (m(k)) and (l(k))
such that for every natural number k
m(k) > l(k) ≥ k
and
r sk = ps(xl(k), xm(k))+ ps(yl(k), ym(k)) ≥ ε. (11)
Now corresponding to l(k)we choosem(k) to be the smallest for which (11) holds. So
ps(xl(k), xm(k)−1)+ ps(yl(k), ym(k)−1) < ε.
Using triangle inequality, we get
ε ≤ r sk ≤ ps(xl(k), xm(k)−1)+ ps(xm(k)−1, xm(k))+ ps(yl(k), ym(k)−1)+ ps(ym(k)−1, ym(k))
= ps(xl(k), xm(k)−1)+ ps(yl(k), ym(k)−1)+ tsm(k)−1 < ε + tsm(k)−1.
Letting k →+∞ in the above inequality and using (10), we get
lim
k→+∞ r
s
k = ε. (12)
On the other hand, let
rk = p(xl(k), xm(k))+ p(yl(k), ym(k)).
By definition of r sk
r sk = ps(xl(k), xm(k))+ ps(yl(k), ym(k))
= 2p(xl(k), xm(k))− p(xl(k), xl(k))− p(xm(k), xm(k))+ 2p(yl(k), ym(k))− p(yl(k), yl(k))− p(ym(k), ym(k))
= 2rk − p(xl(k), xl(k))− p(xm(k), xm(k))− p(yl(k), yl(k))− p(ym(k), ym(k)). (13)
In view of property (p2) and (9), we have
lim
k→+∞ p(xl(k), xl(k)) = limk→+∞ p(xm(k), xm(k))
= lim
k→+∞ p(yl(k), yl(k)) = limk→+∞ p(ym(k), ym(k)) = 0.
Therefore, letting k →+∞ in (13) and using (12), we get
lim
k→+∞ rk =
ε
2
. (14)
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Again, by triangle inequality (which remains true even for the partial metric), we have
rk = p(xl(k), xm(k))+ p(yl(k), ym(k))
≤ p(xl(k), xl(k)+1)+ p(xl(k)+1, xm(k)+1)+ p(xm(k)+1, xm(k))
+ p(yl(k), yl(k)+1)+ p(yl(k)+1, ym(k)+1)+ p(ym(k)+1, ym(k))
= p(xl(k), xl(k)+1)+ p(yl(k), yl(k)+1)+ p(xm(k)+1, xm(k))+ p(ym(k)+1, ym(k))+ p(xl(k)+1, xm(k)+1)+ p(yl(k)+1, ym(k)+1)
≤ 2[p(xl(k), xl(k)+1)+ p(yl(k), yl(k)+1)] + 2[p(xm(k)+1, xm(k))+ p(ym(k)+1, ym(k))] + p(xl(k), xm(k))+ p(yl(k), ym(k)).
Letting k →+∞ in above inequalities and using (9) and (14), we get
lim
n→+∞ rk = limn→+∞ p(xl(k)+1, xm(k)+1)+ p(yl(k)+1, ym(k)+1) =
ε
2
. (15)
Since (xn) is a non-decreasing sequence and (yn) is a non-increasing sequence, by inequality (4), we have
ϕ(p(xl(k)+1, xm(k)+1)) = ϕ(p(F(xl(k), yl(k)), F(xm(k), ym(k))))
≤ ϕ

p(xl(k), xm(k))+ p(yl(k), ym(k))
2

− ψ

p(xl(k), xm(k))+ p(yl(k), ym(k))
2

= ϕ
 rk
2

− ψ
 rk
2

,
and
ϕ(p(yl(k)+1, xm(k)+1)) = ϕ(p(F(yl(k), xl(k)), F(ym(k), xm(k))))
≤ ϕ

p(yl(k), ym(k))+ p(xl(k), xm(k))
2

− ψ

p(yl(k), ym(k))+ p(xl(k), xm(k))
2

= ϕ
 rk
2

− ψ
 rk
2

.
From the two above inequalities, we get using the properties of ϕ
ϕ

p(xl(k)+1, xm(k)+1)+ p(yl(k)+1, ym(k)+1)
2

≤ ϕ(max{p(xl(k)+1, xm(k)+1), p(yl(k)+1, ym(k)+1)})
= max{ϕ(p(xl(k)+1, xm(k)+1)), ϕ(p(yl(k)+1, ym(k)+1))}
≤ ϕ
 rk
2

− ψ
 rk
2

.
Letting k →+∞, and using the properties of ϕ and ψ together with (2), we have
ϕ
ε
4

≤ ϕ
ε
4

− lim
k→+∞ψ
 rk
2

= ϕ
ε
4

− lim
rk
2 → ε4
ψ
 rk
2

= ϕ
ε
4

− lim
t→ ε4
ψ(t) < ϕ
ε
4

, (16)
which is contradiction. Therefore, (xn) and (yn) are Cauchy sequences in the metric space (X, ps). Since (X, p) is complete,
from Lemma 1, (X, ps) is a complete metric space. Then there are x, y ∈ X such that
lim
n→+∞ p
s(xn, x) = lim
n→+∞ p
s(yn, y) = 0.
Therefore, from Lemma 1, using (9) and the property (p2), we have
p(x, x) = lim
n→+∞ p(xn, x) = limn→+∞ p(xn, xn) = 0, (17)
p(y, y) = lim
n→+∞ p(yn, y) = limn→+∞ p(yn, yn) = 0. (18)
We shall show that x = F(x, y) and y = F(y, x).
(a) Assume that F is continuous on X . In particular, F is continuous at (x, y), hence for any ε > 0, there exists δ > 0 such
that if (u, v) ∈ X × X verifying ν((x, y), (u, v)) < ν((x, y), (x, y))+ δ, meaning that
p(x, u)+ p(y, v) < p(x, x)+ p(y, y)+ δ = δ, because p(x, x) = p(y, y) = 0,
then we have
p(F(x, y), F(u, v)) < p(F(x, y), F(x, y))+ ε
2
.
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Since limn→+∞ p(xn, x) = limn→+∞ p(yn, y) = 0, for α = min

δ
2 ,
ε
2

> 0, there exist n0,m0 ∈ N such that, for n ≥ n0,
m ≥ m0,
p(xn, x) < α and p(ym, y) < α.
Then, for n ∈ N, n ≥ max(n0,m0), we have p(xn, x)+ p(yn, y) < 2α < δ, so we get
p(F(x, y), F(xn, yn)) < p(F(x, y), F(x, y))+ ε2 . (19)
Now, for any n ≥ max(n0,m0),
p(F(x, y), x) ≤ p(F(x, y), xn+1)+ p(xn+1, x)
= p(F(x, y), F(xn, yn))+ p(xn+1, x) < p(F(x, y), F(x, y))+ ε2 + α, by (19)
< p(F(x, y), F(x, y))+ ε.
On the other hand, inserting p(x, x) = p(y, y) = 0 in (4), we get
ϕ(p(F(x, y), F(x, y))) ≤ ϕ

p(x, x)+ p(y, y)
2

− ψ

p(x, x)+ p(y, y)
2

= ϕ(0)− ψ(0) = −ψ(0) ≤ 0,
which implies p(F(x, y), F(x, y)) = 0, so for any ε > 0
p(F(x, y), x) < ε.
This implies that F(x, y) = x. Similarly, we can show that F(y, x) = y.
(b) Assume that X satisfies the two conditions given by (1) and (2) in Theorem 3. Since {xn} is a non-decreasing sequence
and xn → x and as {yn} is a non-increasing sequence and yn → y, hencewe have xn ≤ x and yn ≥ y for all n. By the condition
(p4), we have
p(x, F(x, y)) ≤ p(x, xn+1)+ p(xn+1, F(x, y)) = p(x, xn+1)+ p(F(xn, yn), F(x, y)).
Therefore
ϕ(p(x, F(x, y))) ≤ ϕ(p(x, xn+1))+ ϕ(p(F(xn, yn), F(x, y)))
≤ ϕ(p(x, xn+1))+ ϕ

p(xn, x)+ p(yn, y)
2

− ψ

p(xn, x)+ p(yn, y)
2

.
Taking the limit asn →+∞ in the above inequality, using (17)–(18) and the properties ofϕ andψ , we getϕ(p(x, F(x, y))) =
0, thus p(x, F(x, y)) = 0. Hence x = F(x, y). Similarly, one can show that y = F(y, x). Thus we proved that F has a coupled
fixed point. The proof of Theorem 3 is completed. 
Corollary 1. Let (X,≤) be a partially ordered set and suppose there is a partial metric p on X such that (X, p) is a complete
partial metric space. Let F : X×X → X be a mapping having the mixed monotone property on X. Assume that there existsψ ∈ Ψ
such that
p(F(x, y), F(u, v)) ≤ 1
2
(p(x, u)+ p(y, v))− ψ

p(x, u)+ p(y, v)
2

(20)
for all x, y, u, v ∈ X with x ≥ u and y ≤ v. Suppose either F is continuous or X has the following properties:
(1) if a non-decreasing sequence xn → x, then xn ≤ x for all n,
(2) if a non-increasing sequence xn → x, then x ≤ xn for all n.
If there exist x0, y0 ∈ X such that x0 ≤ F(x0, y0) and F(y0, x0) ≤ y0 then there exist x, y ∈ X such that x = F(x, y) and
y = F(y, x), that is, F has a coupled fixed point. Also, p(x, x) = p(y, y) = 0.
Proof. We take ϕ(t) = t in Theorem 3. 
Corollary 2. Let (X,≤) be a partially ordered set and suppose there is a partial metric p on X such that (X, p) is a complete
metric space. Let F : X × X → X be a mapping having the mixed monotone property on X. Assume that there exists a real number
k ∈ [0, 1) such that
p(F(x, y), F(u, v)) ≤ k
2
(p(x, u)+ p(y, v)) (21)
for all x, y, u, v ∈ X with x ≥ u and y ≤ v. Suppose either F is continuous or X has the following properties:
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(1) if a non-decreasing sequence xn → x, then xn ≤ x for all n,
(2) if a non-increasing sequence xn → x, then x ≤ xn for all n.
If there exist x0, y0 ∈ X such that x0 ≤ F(x0, y0) and F(y0, x0) ≤ y0 then there exist x, y ∈ X such that x = F(x, y) and
y = F(y, x), that is, F has a coupled fixed point. Also, p(x, x) = p(y, y) = 0.
Proof. We take ψ(t) = 1−k2 t in Corollary 1.
Nowwe shall prove the uniqueness of a coupled fixed point. Note that if (X,≤X ) is a partially ordered set, thenwe endow
the product X × X with the following partial order
for (x, y), (u, v) ∈ X × X, (x, y) ≤ (u, v)⇐⇒ x ≤ u, y ≥ v. 
Theorem 4. In addition to hypotheses of Theorem 3, suppose that for every (x, y), (z, t) ∈ X × X, there exists a (u, v) in X × X
that is comparable to (x, y) and (z, t), then F has a unique coupled fixed point.
Proof. From Theorem 3, the set of coupled fixed points of F is non-empty. Suppose (x, y) and (z, t) are coupled fixed points
of F , that is, x = F(x, y), y = F(y, x), z = F(z, t) and t = F(t, z). We shall show that x = z and y = t .
By assumption, there exists (u, v) ∈ X × X that is comparable to (x, y) and (z, t). We define sequences {un}, {vn} as
follows
u0 = u, v0 = v, un+1 = F(un, vn) and vn+1 = F(vn, un) for all n.
Since (u, v) is comparable with (x, y), we may assume that (u0, v0) = (u, v) ≤ (x, y). By using the mathematical induction,
it is easy to prove that (un, xn) ≤ (x, y) for any n ∈ N. From (4), we have
ϕ(p(x, un+1)) = ϕ(p(F(x, y), F(un, vn)))
≤ ϕ

p(x, un)+ p(y, vn)
2

− ψ

p(x, un)+ p(y, vn)
2

≤ ϕ

p(x, un)+ p(y, vn)
2

, (22)
and
ϕ(p(vn+1, y)) = ϕ(p(F(vn, un), F(y, x)))
≤ ϕ

p(vn, y)+ p(un, x)
2

− ψ

p(vn, y)+ p(un, x)
2

≤ ϕ

p(vn, y)+ p(un, x)
2

. (23)
Since ϕ is non-decreasing, from the above inequalities we have
p(x, un+1) ≤ p(x, un)+ p(y, vn)2 , (24)
and
p(vn+1, y) ≤ p(x, un)+ p(y, vn)2 . (25)
Adding (24)–(25), we get
p(x, un+1)+ p(y, vn+1) ≤ p(x, un)+ p(y, vn),
that is, the sequence {p(x, un)+ p(y, vn)} is nonincreasing. Therefore, there exists α ≥ 0 such that
lim
n→+∞ p(x, un)+ p(y, vn) = α.
Now, we shall show that α = 0. Suppose to the contrary. By (22) and (23), we have
ϕ

p(x, un+1)+ p(y, vn+1)
2

≤ ϕmax{p(x, un+1), p(y, vn+1)}
= max{ϕ(p(x, un+1)), ϕ(p(y, vn+1))}
≤ ϕ

p(vn, y)+ p(un, x)
2

− ψ

p(vn, y)+ p(un, x)
2

≤ ϕ

p(vn, y)+ p(un, x)
2

.
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Letting n →+∞ in the above inequalities and using the properties of ϕ and ψ , we get
ϕ
α
2

≤ ϕ
α
2

− lim
n→+∞ψ

p(vn, y)+ p(un, x)
2

< ϕ
α
2

,
a contradiction. Thus, α = 0, that is,
lim
n→+∞ p(x, un)+ p(y, vn) = 0. (26)
It follows that
lim
n→+∞ p(x, un) = limn→+∞ p(y, vn) = 0.
Similarly, one can show that
lim
n→+∞ p(z, un) = limn→+∞ p(t, vn) = 0.
Since p(x, z) ≤ p(x, un)+ p(un, z) and p(y, t) ≤ p(y, vn)+ p(vn, t), letting n →+∞, we obtain
p(x, z) = p(y, t) = 0,
so x = z and y = t . 
Theorem 5. In addition to hypotheses of Theorem 3, if x0 and y0 are comparable, then x = F(x, y) = F(y, x) = y where (x, y)
a coupled fixed point of F .
Proof. Following the proof of Theorem 3, F has a coupled fixed point (x, y). We only have to show that x = y. Since x0 and
y0 are comparable, we may assume that x0 ≥ y0. By using the mathematical induction, one can show that xn ≥ yn for any
n ∈ N. Note that, by (p4)
p(x, y) ≤ p(x, xn+1)+ p(xn+1, yn+1)+ p(yn+1, y)
= p(x, xn+1)+ p(yn+1, y)+ p(F(xn, yn), F(yn, xn)).
Therefore, using the condition (p3), (4) and a property of ϕ
ϕ(p(x, y)) ≤ ϕ(p(x, xn+1)+ p(yn+1, y))+ ϕ(p(F(xn, yn), F(yn, xn)))
≤ ϕ(p(x, xn+1)+ p(yn+1, y))+ ϕ(p(xn, yn))− ψ(p(xn, yn)). (27)
From limn→+∞ p(xn, x) = limn→+∞ p(yn, y) = 0, we have
lim
n→+∞ p(xn, yn) = p(x, y).
Assume that p(x, y) ≠ 0. Letting n →+∞ in (27) we get
ϕ(p(x, y)) ≤ ϕ(0)+ ϕ(p(x, y))− lim
n→+∞ψ(p(xn, yn))
= ϕ(p(x, y))− lim
p(xn,yn)→p(x,y)
ψ(p(xn, yn)),
that is
lim
p(xn,yn)→p(x,y)
ψ(p(xn, yn)) ≤ 0,
a contradiction. Thus, p(x, y) = 0, so x = y. 
Corollary 3. Let (X,≤) be a partially ordered set and suppose there is a partial metric p on X such that (X, p) is a complete
partial metric space. Let F : X × X → X be a mapping having the mixed monotone property on X. Assume that there exist ϕ ∈ Φ
and ψ ∈ Ψ such that
ϕ(p(F(x, y), F(u, v))) ≤ 1
2
ϕ(p(x, u)+ p(y, v))− ψ

p(x, u)+ p(y, v)
2

(28)
for all x, y, u, v ∈ X with x ≥ u and y ≤ v. Suppose either F is continuous or X has the following properties:
(1) if a non-decreasing sequence xn → x, then xn ≤ x for all n,
(2) if a non-increasing sequence xn → x, then x ≤ xn for all n.
If there exist x0, y0 ∈ X such that x0 ≤ F(x0, y0) and F(y0, x0) ≤ y0 then there exist x, y ∈ X such that x = F(x, y) and
y = F(y, x), that is, F has a coupled fixed point. Furthermore, p(x, x) = p(y, y) = 0.
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Proof. Follows from Theorem 3 and (3). 
Corollary 4. In addition to hypotheses of Corollary 4, suppose that for every (x, y), (z, t) ∈ X × X, there exists a (u, v) in X × X
that is comparable to (x, y) and (z, t), then F has a unique coupled fixed point.
Proof. Follows from Theorem 4 and (3). 
Corollary 5. In addition to hypotheses of Theorem 3, if x0 and y0 are comparable, then x = F(x, y) = F(y, x) = y where (x, y)
is a coupled fixed point of F .
Proof. Follows from Theorem 5 and (3). 
Remark 5. Corollaries 2 and 3 are respectively the analogous of Theorems 1 and 2 on the class of ordered partial metric
spaces.
By the aid of Lemma 1 of [44] and Remark 2, we have the following theorem.
Theorem 6. Let (X,≤) be a partially ordered set and suppose there is a partial metric p on X such that (X, p) is a complete partial
metric space. Let F : X × X → X be a mapping having the mixed monotone property on X. Then, the following are equivalent:
(1) there exists ϕ,ψ ∈ Φ such that for any x, y, u, v ∈ X with x ≥ u and y ≤ v, we have
ϕ(p(F(x, y), F(u, v))) ≤ ϕ

p(x, u)+ p(y, v)
2

− ψ

p(x, u)+ p(y, v)
2

, (29)
(2) there exist α ∈ [0, 1) and ϕ ∈ Φ such that for any x, y, u, v ∈ X with x ≥ u and y ≤ v, we have
ϕ(p(F(x, y), F(u, v))) ≤ αϕ

p(x, u)+ p(y, v)
2

, (30)
(3) there exists a continuous non-decreasing function ϕ: [0,+∞) → [0,+∞) such that φ(t) < t for all t > 0 and for any
x, y, u, v ∈ X with x ≥ u and y ≤ v, we have
p(F(x, y), F(u, v)) ≤ ϕ

p(x, u)+ p(y, v)
2

. (31)
Proof. Set
D =

p(x, u)+ p(y, v)
2
, p(F(x, y), F(u, v))

: x, y, u, v ∈ X, x ≥ u and y ≤ v

.
Then, the proof follows from (i), (vi) to (vii) of Lemma 1 of [44].
From Theorem 6, we have the following remark. 
Remark 6. (a) Let ϕ and φ be as in Theorem 6 part (1) and replace inequality (4) by inequality (29). Then, Theorems 3–5
are still valued.
(b) Let ϕ be as in Theorem 6 part (2) and replace inequality (4) by inequality (30). Then, Theorems 3–5 are still valued.
(c) Let ϕ be as in Theorem 6 part (3) and replace inequality (4) by inequality (31). Then, Theorems 3–5 are still valued.
Now, we introduce an example to support our results.
Example 4. Let X = [0, 1]with usual order. Define p: [0, 1] × [0, 1] → R+ by p(x, y) = max{x, y} and F : [0, 1] × [0, 1] →
[0, 1] by F(x, y) = 18x. Then
(1) (X,≤, p) is a complete partially ordered partial metric space.
(2) F has the mixed monotone property.
(3) For x, y, u, v ∈ X with x ≥ u and y ≤ v, we have
p(F(x, y), F(u, v)) ≤ 1
8
(p(x, u)+ p(y, v)).
(4) F is continuous.
Proof. The proof of (1), (2) and (3) are clear. To prove (4), letting (x, y) ∈ X × X and ϵ > 0, we claim F(Bv((x, y), 8ϵ)) ⊆
Bp(F(x, y), ϵ). To prove our claim, let (s, t) ∈ Bv((x, y), 8ϵ), then
v((s, t), (x, y)) < v((x, y), (x, y))+ 8ϵ.
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So
p(s, x)+ p(t, y) < p(x, x)+ p(y, y)+ 8ϵ.
Since y ≤ p(t, y), p(x, x) = x and p(y, y) = y, we have p(s, x) < x+ 8ϵ. Therefore
p
 s
8
,
x
8

≤ x
8
+ ϵ,
and hence p(F(s, t), F(x, y)) ≤ p(F(x, y), p(x, y)). So F(s, t) ∈ Bp(F(x, y), ϵ). We deduce that all the hypotheses of
Corollary 2 are satisfied. Therefore, F has a unique coupled fixed point. Here, (0, 0) is the coupled fixed point of F . 
3. Application
In this part, from previous obtained results, we will deduce some coupled fixed point results for mappings satisfying a
contraction of integral type in a complete partial metric space. Let us introduce first some notations.
We denote by Γ the set of functions α: [0,+∞)→ [0,+∞) satisfying the following conditions:
(i) α is a Lebesgue integrable mapping on each compact subset of [0,+∞),
(ii) for all ε > 0, we have ε
0
α(s)ds > 0.
(iii) α is sub-additive on each [a, b] ⊂ [0,+∞), that is, a+b
0
α(t)dt ≤
 a
0
α(t)dt +
 b
0
α(t)dt.
Let N ∈ N∗ be fixed. Let {αi}1≤i≤N be a family of N functions that belong to Γ . For all t ≥ 0, we denote (Ii)i=1,...,N as follows:
I1(t) =
 t
0
α1(s)ds,
I2(t) =
 I1(t)
0
α2(s)ds =
  t
0 α1(s)ds
0
α2(s)ds,
...
IN(t) =
 IN−1(t)
0
αN(s)ds.
We have the following result.
Theorem 7. Let (X,≤) be a partially ordered set and suppose there is a partial metric p on X such that (X, p) is a complete
partial metric space. Let F : X × X → X be a mapping having the mixed monotone property on X. Assume that there exist ϕ ∈ Φ
and ψ ∈ Ψ such that
IN(ϕ(p(F(x, y), F(u, v)))) ≤ 12 IN(ϕ((p(x, u)+ p(y, v))))− IN

ψ

p(x, u)+ p(y, v)
2

(32)
for all x, y, u, v ∈ X with x ≥ u and y ≤ v. Suppose either F is continuous, or X has the following properties:
(1) if a non-decreasing sequence xn → x, then xn ≤ x for all n,
(2) if a non-increasing sequence xn → x, then x ≤ xn for all n.
If there exist x0, y0 ∈ X such that x0 ≤ F(x0, y0) and F(y0, x0) ≤ y0 then there exist x, y ∈ X such that x = F(x, y) and
y = F(y, x), that is, F has a coupled fixed point.
Proof. Take
ϕ˜ = IN ◦ ϕ and ψ˜ = IN ◦ ψ.
Note that the {αi}i=1,...,N are taken to be sub-additive on each [a, b] ⊂ [0,+∞) in order to get
ϕ˜(a+ b) ≤ ϕ˜(a)+ ϕ˜(b).
Moreover, it is easy to show that ϕ˜ is continuous, non-decreasing and verifies
ϕ˜(t) = 0 ⇐⇒ t = 0.
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We get that ϕ˜ ∈ Φ . Also, we can find that ψ˜ ∈ Ψ . From (32), we have
ϕ˜(p(F(x, y), F(u, v))) ≤ 1
2
ϕ˜((p(x, u)+ p(y, v)))− ψ˜

p(x, u)+ p(y, v)
2

. (33)
Now, applying Corollary 3, we obtain the desired result. 
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